Abstract-The extended nonholonomic double intergrator (ENDI) cannot be asymptotically stabilized by a continuous and time-invariant feedback controller since it violates the Brockett's condition. In this paper, a new continuous control scheme is proposed to stabilize the ENDI system with the drift. The dynamics of an ENDI system is enlarged to a higher dimensional space where a continuous but time-varying control law is designed for its stabilization. Furthermore, the drift involved in the ENDI can also be handled as an input perturbation by the proposed scheme. Besides the theoretical proofs, simulations conducted on the dynamics of a trimaran unmanned surface vehicle (USV) are also presented to demonstrate the validity and performance of the proposed method.
I. INTRODUCTION
or an under-actuated vehicle or a vehicle suffering from nonholonomic constraints, its point stabilization control (PSC) will become particularly challenging due to the existence of either under-actuated dynamics or the second-order constraints. Since Brockett proved that a nonholonomic intergrator system cannot be stabilized by continuously differentiable or time invariant state feedback control laws [1] , a large number of approaches have been proposed to overcome the limitations imposed by Brockett's result and stabilize it to the equilibrium points. Among the proposed solutions are smooth time-varying controllers [2, [4] [5] [6] [7] [8] , sinusoidal excitation [9] [10] [11] , discontinuous or piecewise smooth control laws [12] [13] [14] [15] [16] [17] , and hybrid controllers [18] [19] [20] [21] [22] [23] , and also [2, 3] including comprehensive survey of the relative field. Special attention is being paid to the continuous control schemes, which in some cases can overcome the complexity and performance degradation, such as low rates of convergence and oscillating trajectories, due to the discontinuous control algorithms. Besides the difficulty caused by the discontinuous issue, most of the available control designs of nonholonomic system are based on the kinematics model, while the system under control is assumed to be a perfect velocity-actuator and all of the dynamics and disturbances are ignored. The control ignoring dynamics may result significant performance degradation while being applied to mobile systems with relatively large velocity envelop, such as the high-speed unmanned underwater/surface/ground/aerial vehicle.
In this paper, a continuous control scheme is proposed to stabilize the so-called extended nonholonomic double integrator (ENDI) with drift. The dynamics of an ENDI system is enlarged to a higher dimensional space where a simple continuous but time-varying control law is designed to stabilize the system. The drift involved in the ENDI, which presents unmodeled uncertainty or external disturbance in real system, can also be handled as an input perturbation. This paper is organized as follows, The ENDI-relative control problem is introduced in Section II. The new control scheme is described and analyzed in Section III. And in Section IV, we present the simulations conducted on the dynamics of a trimaran USV to demonstrate the application of the proposed scheme and also its achieved performance.
II. PROBLEM STATEMENT
The so called nonholonomic integrator can be described as
is the state vector and
two-dimensional input. It has been shown that the kinematics of a nonholonomic system with three states and two inputs can be converted to the form of (1) by a local coordinate transformation.
(1) presents all the basic properties of nonholonomic systems and is often quoted in literatures as a benchmark for control design, for example, the sliding mode control [24] , and a family of discontinuous controls that almost exponentially stabilizes (1) in an open and dense set [25] , as well as the logic based switching control [26] . However, the nonholonomic integrator of (1) does not include any dynamics of a real plant. In this paper, we propose the control scheme with respect to the extended nonholonomic double integrator of (2), where the dynamics of a nonholonomic system can be presented after some coordinate transformation (see Section IV for the application on the dynamics of a USV). x u
where ω represents the drift and it satisfies ( , )
By defining 1 2 , ξ ζ as virtual inputs, then (2) can be transformed as:
The to be solved control problem related to (3) and (4) in this paper is: to find a continuous control that can stabilize the system and reject the influence of the drift ω.
III. CONTROLLER DESIGN

A. The Case without the Drift
In this subsection, we first design a continuous controller for the system of (3)- (4) by assuming ω≡0.
By choosing
then the first two states of (4) become
which can be exponentially stabilized to zero.
With respect to the state x 3 , we define a submanifold {S r } (the explanation of this idea can be found in appendix),
where θ R is an added dimension to Eq.(4). If we further let ( ) x t r x = −
Eq. (7) indicates that x 3 can be exponentially stabilized to zero. Thus, in the extended space of 1 2 3 ( , , , ) x x x θ , we have identified a submanifold {S r }, on which the three states of 1 2 3 ( , , ) x x x can be stabilized. Thus, we have the following lemma, Lemma I (see [27] for the proof) Let R ∈ θ , and
asymptotically stable.
End of Lemma-I
We have shown that the system of (4) can be stabilized to zero point by properly designing the virtual input of ξ 1 and ξ 2 . In this paper, we propose to use backstepping technique to deal with the continuous stabilization problem of system (3) - (4), and we have the following theorem, Theorem I
The existence of continuous stable controller of system (4) is equivalent to the continuous stabilizability of system (3)-(4).
Proof of Theorem,
Firstly, the system (3)- (4) 
The existence of continuous stable controller of system (4) means that there exist a continous function (time varying or time invarying) φ(x,t) (φ(0,t)=0) such that the closed loop is stable near the zero point, i.e.,
is stable. Thus, from converse Lyapunov theorem [28] , we can always find a Lyapunov function V(x,t) of (12). Subsequently, system (10) can be rewritten as,
Define the following new Lyapunov function candidate,
And compute the time derivative of 1 2 3 ( , , , , ) V x x x z t along with the trajectory of system (13), we have,
It is clear that the first two parts of equation (16) can be proved to be negative definite since V(x,t) is a Lypaunov function of system (12) . Thus, by defining
where Q is a positive definite constant matrix. System (13) can be ensured to be stable, i.e., system (3)-(4) without drift is continuous stabilizable.
End of Proof
From reference [27] , the following function can be selected as a Lyapunov function of system (9) to complete the controller design of system (3)- (4) ( , ) ( cos sin ) ( sin cos )
B. Considering the Drift
In this subsection, we will discuss the continuous controller design of system (3)- (4) with drift term. The problem will be more difficult in this case.
Similarly, we will first deal with the controller of system (4). Reuse the concept of following submanifold,
Due to the appearance of ω, the virtual control input in Lemma I will be disabled, here we use the following equations to replace controller (8), (18), we can obtain a similar result as Theorem I. And the only difference is to use ω+x 3 replace state variable x 3 . And then, the backstepping technique can also be used to design the real input function as follows, 3 3 ( , ) ( )
IV. SIMULATIONS
In this section, we use the trimaran USV model as an example, to demonstrate how to transform the dynamics of an under-actuated nonholonomic vehicle to the form of ENDI, and present the simulation results while the proposed control algorithm is applied to stabilize the USV.
A. Dynamics of the USV
The trimaran model USV, shown as Fig.1 , has two control inputs, i.e., the thruster surge force u τ and the thruster yaw 
B. The Control Design
The dynamics of (25) and (26) are in the same form as (3) and (4) . Using the controller design of (18)- (19), we can get the following control laws :   1  11  11  1  1  2  3   1  1  1  1  1  3   2  3  3 ( , , ) In this paper, a continuous but time-varying controller is designed to stabilize the extended nonholonomic double integrator (ENDI) system. It is well known that the original ENDI system cannot be asymptotically stabilized using time-invariant continuous feedback controller. In the proposed method, the original ENDI system is enlarged to a higher dimensional space by some transformation, and a continuous controller can be obtained within the extended sopace. The drift of the ENDI can also handled by using the backstepping technique. Both theoretical analyses and simulations demonstrate the validity and performance of the proposed method. 
If (1) is satisfied for all x(0), we say that submanifold N is asymptotically stable in the large. So that by finding such a system, we would achieve the goal of continuously stabilizing the original system with a time varying controller.
